A new mixed finite-element method for the solution of the Dirichlet problem of fourth-order elliptic partial differential equations with variable coefficients on a convex polygon has been developed in this paper. Biharmonic and bending problems of elastic plates, for which this technique allows a simultaneous approximation to the deflection, components of the change in curvature tensor and the bending and twisting moments, are the particular cases of the problem considered in the paper. Error estimate for the mixed finite-element solution has been given.
Introduction
It is known that in the elasticity, the Hu-Washizu variational principle [15, 23] (also called 'three-field principle' [12] ) and its different modified versions are the most general settings [21, 22] for general mixed finite-element methods in the sense that simultaneous and direct approximations to all basic unknown fields are obtained. In plate bending analysis, the Hu-Washizu variational principle or its different variants will allow simultaneous variations of (i) displacement field U, (ii) change in curvature tensor field (KC), and (iii) bending moment tensor field ( qij). Then, a mixed finite-element method based on the Hu-Washizu variational principle or its variants will allow direct and simultaneous approximations to all informations: displacement U, change in curvature tensor (K~?;) and bending moment tensor ( #ij) required in the bending analysis of anisotropic/ orthotropic/ isotropic plates with variable/ constant thickness such that no further computations will be necessary. Such a mixed finite-element method has been developed in [2] and [4] for the Dirichlet problem of fourth-order elliptic partial differential equations with variable/constant coefficients on a convex polygon, the bending problems of clamped thin elastic anisotropic/orthotropic/isotropic plates with variable/constant thickness being particular cases, for which the continuity of the normal bending moment M,(Q) across intertriangular boundaries is not assumed in the construction of the space of variationally admissible bending moment tensor field @ = (+ii). This suggests to develop a new mixed finite-element method for this Dirichlet problem of the fourth-order elliptic equations with variable coefficients based on another modified version of the Hu-Washizu variational principle which is obtained by incorporating this physically meaningful and important constraint of 'continuity' of the normal bending moment M,(Q) across intertriangular boundaries in the definition of the space V of variationally admissible bending moment tensor field @ = (c&~). This paper contains new interesting results in this direction. For other mixed methods for this Dirichlet problem based on different two-field variational principles [12, 20] , we refer to [5] - [9] .
Notations
Let D be a convex polygon with boundary r in R2 and H"( I2) be the usual Sobolev space 
The continuous variational problem
To the Dirichlet problem (P) defined by: For given f E L2( a), find u such that Remark 2.2. In [3] , sufficient conditions for (A2') to hold have been given. Then, it has also been shown that (A2') * (A2).
Theorem 2.1 [3] . Under the assumptions (Al)-(A2), the problem (Po) has a unique solution.
Examples
Here, we will consider only the biharmonic problem (i.e. Dirichlet problem of the biharmonic operator AA) and bending problems of clamped elastic plates with variable/constant thickness. for which (Al), (Al'), (A2), (A2') hold [3] , and the existence and uniqueness of solution of the corresponding (Po) follow from Theorem (2.1). (2.12) (ii) Orthotropic case [3] :
I. The biharmonic problem
where Di = Eit3/(12(l -vlv2)), Dt = Gt3/12, Ei = Young's moduli, vi= Poisson's coefficients, G = shearing modulus, t = t(x,, x2) = thickness of plate at (xl, x2) E 1(2 with (2.14) for which (Al), (Al'), (A2), (A2') hold [3] In all the three cases (i)-(iii), the existence and uniqueness of solution of the corresponding problem (Po) follow from Theorem 2.1.
Mixed variational formulation
A new mixed variational formulation for the problem (Po) will be constructed now, the admissible spaces for which are infinite-dimensional ones. Then, to this mixed variational formulation we will associate a mixed finite-element problem defined on finite-dimensional spaces. Hence, we are to introduce first of all admissible infinite-dimensional spaces of the mixed variational formulation. For this we introduce an admissible triangulation Th of 3 = Q U r into closed triangles T with boundary 3T (which will be finally also the triangulation of the mixed finite element scheme). Let @ = ( Gii) 1 Q i,i G 2 be a symmetric tensor valued function with Gij = +ji E H'(T) VT E Th, Vi, j = 1, 2. Then, define M,( @) E L2( aT> and M,,( @) E L2( 8T) along aT by:
where n=(n,, n2) and t=(t,, t,)=(n,, -nl) are the unit normal vector exterior to aT and unit tangent vector along aT respectively. 
This definition of 'continuity' of M,,(a)
at the interelement boundaries of Th will be understood throughout the paper even when A is not a plate bending operator.
Q,(Q) in (3.1) denotes transverse shear along CIT. 
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The imbeddings W -M, VP 9 V are continuous with:
VP -V being dense too (p > 2). (3.7)
For the problem (Po), we can now construct the problem (Q*) of the mixed variational formulation under consideration as follows:
where the continuous symmetric bilinear form a"(. , -): M X M + IF4 is defined by 
the continuous linear form F( .) on Vp is defined by:
In fact, equation (3.9) * (3.15) with u = (u, IC*) E VP. Then, from (3.8) and (3.10) we have
and F(u) = (f, ~)~,a, and a"(~*, q) =
A(u, v) with u = (u, K*) E Vp. Thus, we have shown that (Q * ) j (Q). Again, proceeding in the reverse way, we can show
Hence, the problems (Q) and (Q * ) are equivalent. Thus, we are free to choose any one of these two equivalent problems (Q) and (Q*). For the sake of convenience in mathematical analysis we will consider the problem (Q) in the sequel unless stated otherwise. Hence, we are going to prove now certain important properties of A(. , .) and b(. , -). For this we introduce the subspace 2 of I$, ( p > 2) defined by
Then, Z itself is a Hilbert space equipped with the norm topology induced by V, i.e.
II~IIz= II~Ilv=(II~ll&?+ IIKlloZ.fy2 v'u=(u, +z- Conversely, let 2) = (u, K) E Vp with u E Hi(n) and ~~~ = u,~; Vi,j = 1, 2. Then, from (3.23) =b(u, @)=Ov@EW=uEZ. Proof. It is well known that 3a > 0 such that V'u E Hi(G), )I u II 2,9 < cr I u I 2,52, from which the result follows on the application of the Theorem (3.1) with (pi = l/(-u, CX~ = 1. 0
Since 5 ( p > 2) is a dense subspace of V, A(. , -) defined on I$ x Vp is given a continuous, linear extension to V x V, which is still denoted by A( ., m). ;:pw Il@llw ' l ,,a vu E JJpyfi) Proof. Let (q, \k,), (u2, !&) E VP X W be any two solutions of (Q). Then, their difference (U*, 9*) = (Ur -u2, 9r -qz) E Vp X W satisfies:
a**= 0 in W (by virtue of (3.27)). 0
The problem (Po) and the problem (Q) (consequently, (Q * )) are related by:
then u E H: (a) and is the solution of (Po) with ~,f+j = u,~,, 1 < i, j < 2.
Conuersely, if the solution u E Hi( s2) of (Po) belongs to H3(a) n Hi(a) and aijkr u,~[ E H'(a) Vi, j = 1, 2, then the problem (Q) has a unique solution (u, 'k) E VP X W with u = (u, K*),
x W with P = ( $J;~), qij = aijklu,kl Vi, j = 1, 2, is th e solution of (Q), it remains to show that (u, 'k) satisfies the equation (3.14). In fact, V'u = (u, is the solution of (Po). But Hi( In) X M is dense in VP by virtue of (1.3). Therefore, the equality (3.29) holds Vv E I$,, and consequently, (u, 'k) is the solution of (Q). 0 where a"(~*, @) = JQ~~$ij dJ2, b*(., a) is defined by (3.12) with M= W, which is the well [20, 23] which is a two-field principle.
Remark 3.4. The bilinear form a"(. , -) in (3.30)-(3.31) corresponds to that for the isotropic case of bending problem of elastic plate with D = 1, v = 0 in (3.36)-(3.37).
Then u = deflection, K * = 9, i.e. change in curvature tensor K * = bending moment tensor \k. But for D # 1, Y # 0, we have~*#?P.
Example 3.2 (Bending problems of clamped elastic plates in (2.10)-(2.19)).
Since b(., a) (res. b*( ., .)) is defined by (3.18) (resp. (3.12)) for all the following cases we will show only the expression for A(. , -) (resp. a"(. Since both the mixed finite-element problems (Qz) and (Qh) are equivalent, we are free to choose anyone of them according to our convenience. Hence, for mathematical analysis we will choose (Qh) and for computational purpose we will recommend (Qz). Thus, for the proof of existence and uniqueness of solution of the mixed finite-element problem (Qh), we prepare similar results as in the case of the problem (Q).
Define the finite-dimensional subspace of Vh: The crucial assumption (A3) is the compatibility condition which the finite element spaces X0, and W, defined in (4.2) and (4.4) respectively must satisfy in order that A( 0, a) is Z,-elliptic which will be essential for the proof of existence and uniqueness of solution of (Qh), i.e. the spaces X0, and W, in (4.2) and (4.4) respectively can not be chosen independently and in an arbitrary way. (4.14)
Proof.
Now, we can prove the existence and uniqueness of solution of (Qh)/(Qz). 
Under the assumption (A3), the mixed finite-element problem (Qh) (consequently (Qc)) has a unique solution.
Proof. Since V,, W, are finite-dimensional spaces, it is sufficient to show that if (u,, q,,) E Vh X W, is a solution of the corresponding homogeneous problem:
v@, E w,, b(u,, @I,) =O, then uh = 0, !P,, = 0. Then, uh E 2,. Choosing U, = uh, we have A ( uh, uh) = 0 e u,, = 0 in 2, (by (4.12)). Consequently, by, 'kh) = 0 VV, E V, 3 \Eh = 0 by (4.14). Cl
The existence and uniqueness of solution of (Qh)/(Qt ) h ave been proved under the assumption (A3). Now, we will construct the spaces W, and X,,, in (4.4) and (4.2) respectively such that (A3) holds and also the space M, in (4.3) with the help of finite elements [ll] where IV, is the space of restrictions to T of all Qh E W,, MT is the space of restrictions to T of all Kh E M, and X, is the space of restrictions to T of all uh E X,,,. Now, we introduce the following linear operators associated to these degrees of freedom (4.15)- (4.20) which will be quite helpful in the sequel, as follows:
Let &, (reSp. Nh) denote the Set Of sides (mp. vertices) Of triangles Of Th. (I) III, EZ?(W; W,) is defined by [lo] : V@ E W, III,@ E W, such that which follows from the application of Green's formula -/;'" -n/z@)ij,jUh,i dT= s,'" -nh@)ijUh,ij dT Then, from (3.28) we have i.e. the assumption (A3) holds.
Reduction of (Qz) to matrix equations
For computational purpose any one of the two equivalent mixed finite-element problems (Qt ) and (Qh) is to be reduced to matrix equations. In order to develop an outline of this reduction procedure, we will consider (Qz) in (4.6)-(4.8) instead of (Qh) for the sake of convenience.
Let { ~.~i}fii, { @l},"=i and { x~}~~, be bases in M,, W, and X0, having dimensions Ll, Ml, Nl respectively, such that (A3) holds. Then, the components of the solution vector ( uh, K:, 'Ph) E X0, x M, X W, can be represented as follows:
Ll
Ml Nl where II . II v is defined by (3.4) , III, E$P(W; W,) and II, EZ( VP; Vh) are defined by (4.21) - (4.22) and (4.27) respectively.
